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CHAPTER 12
KINEMATICS OF A PARTICLE

A. BAZOUNE

12.8 CURVILINEAR MOTION: CYLINDRICAL COMPONENTS

Polar Coordinates

Polar coordinates are particularly suitable
for solving problems for which data
regarding the angular motion of the radial Y
coordinate 7 is given to describe the
particle’s motion.

Figure 1 shows the polar coordinates T ’1_1:9 Ur
and @ that specify the position of the : :
particle P that is moving in the 0
Iy —plane. The origin is established at a
fixed point, and the radial line 7 directed P
to the particle. The transverse coordinate r
6 is measured counterclockwise from a
fixed reference line to the radial line. \9
>
1

S
>

In planar motion, the polar coordinate 7
is equal to the magnitude of the position

vector T* of the particle. Fig. 1

Derivative of the Unit Vectors

The unit vectors U, and Uo of the polar coordinate system are also shown in
Fig. 1. The vector U, is directed along the radial line, pointing away from O; Ue is
perpendicular to U, , in the direction of increasing 0.

From Fig.1, it is clear that the unit vectors U, and Ue will rotate as the
particle moves. Therefore, U, and Uo are the base vectors of a rotating reference
frame, similar to the path (n—t) coordinate system. The difference between the

two coordinate systems is that (n—t) coordinates depend on the path and direction

of the particle, whereas polar coordinates are determined by the position of the
particle. Consequently, these base vectors possess nonzero derivatives, even though
their magnitudes are constant (equal to one). The time derivative of the unit base
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vectors can be determined by first relating the vectors to the Xy —coordinate
system. From Fig. 1,
Ur =cos0 2+sin0 j
Vi

. . @
Uo = —sinB 2+ cos0 7

Differentiating with respect to time while noting that d jz:/dt =d j/dt =0

(the 2y —coordinate system is fixed) yields

d (’Tln-)/dt =i = 9(—811’16 1+ cos0 3)

) i - ~ €9
d (o) /dt =1i, = e(—cose i—sin0 j)

Comparing Egs (1) and (2), one can find

i, = 0 o, i, = -0 4, @)

The term @ is called the angular velocity of the radial line. The base vectors and

their derivatives are shown in Fig. 2. Notice that %, and Ugare perpendicular to U,

and Uo , respectively.

Fig. 2 Unit vectors and their derivatives
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_d# d dr_ du
’UIE dt(rur)z—ur+r

= Tﬂr +7,”l_j;r

di¢ dit
Substituting for d (. )/dt Zﬁr = 0 To from Eq.(3) gives

—

B =0, Ur+v, Yo =7 Ur +70 TUo
where

v, =7, and Uy = 0 (6) Y

Q

The components v, and v, are called

the radial and transverse .
components of the velocity, v, =16 v,
respectively. These components are . .’

mutually  perpendicular and  the
magnitude of the velocity or speed is
given by T

N A )\2 0
(7)" + (re) ) »:\
/

and the direction of v is always

tangent to the path.
Fig. 3 Components of the velocity vector

The acceleration vector is computed as follows:

dov d
a:dt dt(rur+r9'u,e)

= (i @ + 740, )+ (7 O0T0 + 7 B0 + 0,

Substituting for ’lir = 9 Uo and ’lie = —9 U, from Eq.(3) gives
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Velocity and Acceleration Vectors
The position vector T° of the particle can be written in polar coordinates as
T=r U
Since the velocity vector is, by definition, ¥ = d '7’/dt , we have

A
—r
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G = (7T + 70 1 )+ (7070 + r 070 +70(-0 3, ))
= (i = 70°) @ +(r+270)8o = a, & +a, To
where
a, = (7“ - 7’92) = radial component

ay = (ré + 27 9) = transverse component

The term 0 = dZO/dt2 is called the

anqular _acceleration since it
measures the change made in
angular velocity during an instant of
time.

Since a, and a, are always

perpendicular as shown in Fig. 4, the
maagnitude of the acceleration is
simply the positive value of

a=(a,) +(a,)

a= (i~ r6?) +(r6+ 2¢0)

The direction is determined from the
vector addition of the two
components. In general, a will not be
tangent to the path, Fig. 4.

Fig. 4 Components of the acceleration
vector

Cylindrical Coordinates

Motion in three-dimensions (Fig. 5) requires a simple extension of the above
formulae to

Position: T=rU +2U:

Velocity: V=77Ur+70 U + 2 U-

Acceleration: @ = (7’ — Tez) U, + (T@ + 27 9) Uo + Z U
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Fig. 5 Cylindrical coordinates in three dimensional motion
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EXAMPLE 12.17 (TEXTBOOK )

The amusement park ride shown in Fig. 12-32a consists of a chair that
is rotating in a horizontal circular path of radius r such that the arm
OB has an angular velocity # and angular acceleration 6. Determine
the radial and transverse components of velocity and acceleration of
the passenger. Neglect his size in the calculation.

o
B
r
(a) (b)
Fig. 12-32

Solution

Coordinare System.  Since the angular motion of the arm is reported,
polar coordinates are chosen for the solution, Fig. 12-32a. Here 6 is
not related to r, since the radius is constant for all 6.

Velocity and Acceleration. Equations 12-25 and 12-29 will be used
for the solution, and so it is first necessary to specify the first and
second time derivatives of r and 6. Since r is constant, we have

r=r r=20 r=20
Thus
v, =r=20 Ans.
Vy = ro Ans.
a, =¥ — r? = —rg? Ans.
ag = r0 + 20 = ro Ans.
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These results are shown in Fig. 12-32b. Also shown are the n, ¢ axes,
which in this special case of circular motion happen to be colinear
with the r and 6 axes, respectively. In particular note that
v = vy = v, = ro. Also,

2 r)? .
_ar:an:v_:u:r92
p ¥
dv d - dr - db .
= et Ky B A gl N B
il U b e !
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OA so that r = (100¢%) mm. If in both cases ¢ is in seconds, determine
the velocity and acceleration of the collar when ¢ = 1.

Solution

Coordinate System.  Since time-parametric equations of the path are
given, it 1s not necessary to relate r to 6.

@ Velocity and Acceleration. Determining the time derivatives and
a .
evaluating when ¢ = 1 s, we have

=100mm 6 = ¢

t=1s

r = 100¢2 = 1rad = 57.3°

r=1s

F = 200t =200 mm/s 6 = 3 = 3rad/s

t=1s t=1s

r =200

= 200 mm/s> 6 = 6t

t=1s

— Girad/s?.

t=1s

As shown in Fig. 12-33b,

. v = iu, + rou,
(b) = 200u, + 100(3)uy
= {200u, + 300us} mm/s
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EXAMPLE 12.18 (TEXTBOOK )
The rod OA in Fig. 12-33a is rotating in the horizontal plane such that
0 = (#3) rad. At the same time, the collar B is sliding outward along
L
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The magnitude of v is

v =/ (200)2 + (300)* = 361 mm/s Ans.
) (300
Gy = 1800 mm/s 6= tan( ) =563 §+573 =114 Ans.

As shown in Fig. 12-33c,
a= (¥ —ré®)u, + (ro + 2i6)u,
= [200 — 100(3)]u, + [100(6) + 2(200)3]u,
= {—700u, + 1800u,;} mm/s?

Fig. 12-33
The magnitude of a is
a = \/(700)2 + (1800)2 = 1930 mm/s? Ans.
/1800
b= tan_l(—) = 68.7°  (180° — ¢) + 57.3° = 169°  Auns.
700
EXAMPLE 12.19 (TEXTBOOK )
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The searchlight in Fig. 12-344 casts a spot of light along the face of a
wall that is located 100 m from the searchlight. Determine the
magnitudes of the velocity and acceleration at which the spot appears
to travel across the wall at the instant 6 = 45°. The searchlight is
rotating at a constant rate of = 4 rad/s.

Solution

Coordinate System. Polar coordinates will be used to solve this
problem since the angular rate of the searchlight is given. To find the
necessary time derivatives it is first necessary to relate r to 6. From
Fig. 12-34a, this relation is

r = 100/cos 6 = 100 sec 6

Velocity and Acceleration. Using the chain rule of calculus, noting
that d(sec 8) = sec 6 tan 0 d6, and d(tan 0) = sec’  df, we have

= 100(sec 6 tan )0
¥ = 100(sec 0 tan 6)6(tan 6)6 + 100 sec O(sec? 0)0(6)
+ 100 sec 6 tan 6(6)
= 100 sec 0 tan® 6(6) + 100 sec® 6(6)> + 100(sec 0 tan 6)6

100 m
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r = 100 sec45° = 1414 d
r = 400 sec 45° tan 45° = 565.7 \a

7 = 1600(sec 45° tan? 45° + sec® 45°) = 6788.2
As shown in Fig. 12-34b, /\
[
a

vV=ru + réug
= 565.7u, + 141.4(4)uy
= {565.7u, + 565.7u,} m/s
v = /02 + 3 = \/(565.7) + (565.7)?
= 800 m/s Ans. ©
As shown in Fig. 12-34c,
a= (¥ —re®u, + (r6 + 2i0)uy,
= [6788.2 — 141.4(4)%]u, + [141.4(0) + 2(565.7)4]u,
= {4525.5u, + 4525.5u,} m/s?
a=\/a + a} = \/(45255)" + (4525.5)? ’
= 6400 m/s? Ans.

Note: 1t is also possible to find a without having to calculate 7 (or a,). (d)
As shown in Fig. 12-34d, since a, = 4525.5 m/s*, then by vector
resolution, a = 4525.5/cos 45° = 6400 m/s>. Fig. 12-34

a

6=45°
a,=4525.5 m/s®
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Since # = 4 rad/s = constant, then # = 0, and the above equations,
when 6 = 45°, become
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